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Abstract

Structural biology has shown that membrane proteins come in a great variety of
shapes, with distinct membrane proteins, and even different conformational states
of the same membrane protein, often showing distinct hydrophobic thicknesses de-
viating from the unperturbed thickness of the surrounding lipid bilayer. The result-
ing protein-induced bilayer thickness deformations can be captured quantitatively
by membrane elasticity theory, and have been found to play an important role in
membrane protein regulation. Physical models of protein-induced bilayer thickness
deformations usually focus on idealized, cylindrical membrane protein shapes. We
describe here a boundary value method for the straightforward calculation of protein-
induced bilayer thickness deformations for arbitrary protein shapes. We find that
the deviations of protein shape from rotational symmetry suggested by structural
biology can have a significant effect on the energy of protein-induced bilayer thick-
ness deformations. Intriguingly, our calculations suggest that the elastic coupling
of lipid bilayer properties and membrane protein conformational state may provide
a generic physical mechanism for temperature sensing through ion channels.

Why care about protein shape?

• Protein function
depends on bilayer thick-
ness. E.g., MscL [1] is
less likely to respond to
changes in osmotic pres-
sure in thicker bilayers
[2, 3].

• Proteins can have
distinct shapes (and can
change shape), which
induce distinct bilayer
deformations [4].

• Historically, energy
calculations usually as-
sumed rotational symme-
try of the protein.

Bilayer thickness deformation field and energy model

• Amphiphilic interactions and dissimilar hydrophobic thicknesses between proteins
and lipid bilayer result in short ranged (decay length λ ∼ 1 nm) local bilayer
thickness deformations u [5].

• Standard membrane elasticity theory describes the energetic cost of small u [6].

• Deformation parameters Kt and Kb can be measured by micropipette experi-
ments.

• In static equilibrium, G is minimized by u of form:

u(r, θ) = f+(r, θ) + f−(r, θ),

f±(r, θ) = A±0 K0
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where Kn are modified Bessel functions of second kind and coefficients A±n and
B±n are set by protein-lipid interactions [7].

Modeling protein shape and protein-lipid interactions

• To demonstrate our methodology, we modeled proteins with clover-leaf and polygon [8] cross-sections, roughly inspired by MscL.

• Bilayer deforms in hydrophobic thickness locally to match protein’s hydrophobic thickness at boundary:

Perfect hydrophobic thickness matching boundary condition→ u(r, θ)|r=C(θ) = U(θ), U(θ) = [W (θ)− 2a] /2

Clamped contact slope boundary condition→ n̂·∇u(r, θ)|r=C(θ) = U ′(θ), n̂ = boundary curve unit normal; points into the protein

Numerical boundary value method (BVM) for bilayer thickness deformations due to protein of arbitrary shape

Bilayer thickness deformation field u truncated to finite number of terms N for a desired accuracy in deformation energy G:

u(r, θ) ≈ f+
N (r, θ) + f−N (r, θ), f±N (r, θ) = A±0 K0
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• Error in BVM’s approximation of boundary
conditions ηb provides a measure of error in the
BVM.

• This plot shows ηb decays with the truncation
length N of the BVM’s approximation of u.

• Finite element method [7] benchmark: G has
error of . 0.1% when ηb ≤ 0.1%.

• These surfaces with
colormaps were calculated by
BVM; their colorbar is shown
in the section below.

• Coefficients A±n and B±n fixed by
boundary conditions at 2N+1 points on
boundary:

u(r, θj)|r=C(θj)
= U(θj),

n̂ · ∇u(r, θj)|r=C(θj)
= U ′(θj)

• Adaptive point distributions (APDs)
dramatically boost BVM convergence
rates with denser set of evaluation
points along negative protein curvature.

Simple analytical estimate of the bilayer thickness deformation energy due to protein of arbitrary shape

• Analytical estimate replaces protein of any cross-section by protein of circular cross-section [9] with same circumference Γ and
boundary conditions U and U ′.

• Clover-leaf protein shapes have negative curvature
which allow for overlap in bilayer thickness deforma-
tions, i.e. self-interactions.

• Due to deformation decay length λ, there is more
overlap (self-interaction) at smaller R.

• At large protein size R, cross-section details are trivial, so |ξG|
is small.

• At smaller R, self-interactions, akin to interactions of pair
proteins [3], can significantly impact G.

• Polygon protein shapes don’t experience self-interactions so have
|ξG| < 1%, for R ≥ λ.

Examining the relative stability of protein shapes

• We held protein cross-section
area A and boundary conditions
U and U ′ constant in transi-
tions.

• Proteins of smaller cross-section circumference
Γ tend to be more stable.

• When ∆Γ ≈ 0, proteins with weaker cross-
section variations are more stable.

• ∆Gξ show that U ′ = 0 minimizes importance
of protein cross section details.

Structural co-factors may serve to destabilize protein oligomers

• ∆Γ << 0, so oligomers more stable when
U ′oligo ≈ U ′mono = 0.

• Structural co-factors can serve to destabi-
lize oligomers if they induce a large enough
change in U ′.

• ∆Gξ show ∆G ≈ ∆Ganaly, so oligomers’
cross-section details tend not to significantly
impact their stability.

• Structural co-factors, i.e. tight
binding lipids or peptides, can
change boundary conditions [3].

• We assume monomers are
cylindrical and identical and we
ignore their interactions.

• We set oligomer cross-section
area Aoligo to total cross-section
area of monomers.

Can bilayer mechanics account for the temperature sensing of cells?

• E. coli thermotax to warmer
temperatures with some of the
same chemoreceptors used to
chemotax [10].

• Experimental measurements
of the temperature dependence
of DOPC bilayer mechanical
properties [11] can be, roughly,
adapted for E. coli cytoplas-
mic membranes.

• Chemoreceptors [12] can
be modeled as a button or
switch with a 3-leaf clover
cross-section [13].

• Bilayer thickness deforma-
tion contribution ∆Gon−off to
chemoreceptor activation en-
ergy decreases in warmer tem-
peratures, with decreases on
the order of chemoreceptor
methylation energies
(∼ 1 kBTrm [14]).
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